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A single-wall carbon nanotube possesses two different types of plasmons specified by the wavenum-
bers in the azimuthal and axial directions. The azimuthal plasmon that is caused by interband tran-
sitions has been studied, while the effect of charge doping is unknown. In this paper, we show that
when nanotubes are heavily doped, intraband transitions cause the azimuthal plasmons to appear as
a plasmon resonance in the near-infrared region of the absorption spectra, which is absent for light
doping due to the screening effect. The axial plasmons that are inherent in the cylindrical waveguide
structures of nanotubes, account for the absorption peak of the metallic nanotube observed in the
terahertz region. The excitation of axial (azimuthal) plasmons requires a linearly polarized light
parallel (perpendicular) to the tube’s axis.
A carbon nanotube (CNT) has a notable optical prop-
erty.1,2 Namely, a CNT exhibits the absorption peaks of
light with linear polarization parallel to the tube’s axis,
but not for the linear polarization perpendicular to it.3
This optical anisotropy of a CNT is essential for charac-
terizing a sample using Raman spectroscopy and for re-
alizing polarized optical devices.4 In this paper we show
that when a CNT is heavily doped, many of the absorp-
tion peaks of parallel polarized light disappear due to the
Pauli exclusion principle, and this causes an absorption
peak of a perpendicularly polarized light to appear in the
near-infrared region. This peak is a plasmon resonance
that corresponds to the surface plasmon of graphene with
the wavelength on the order of nanometer.5–8
The light polarization dependence of an undoped CNT
is explained in terms of the optical selection rule and
screening effect.9 The selection rule states that a parallel
(perpendicularly) polarized light induces direct (indirect)
interband transitions, see Fig. 1(a).10 Although indirect
transition of perpendicularly polarized light is allowed by
the selection rule, it is suppressed by the screening effect
by a plasma mode whose frequency ωp is much larger
than that of the excitation of an indirect transition ω
(i.e., ωp ≫ ω). Namely, the external electric field (Eext⊥ )
is screened to give a small total electric field (E⊥):
E⊥(ω) =
E
ext
⊥ (ω)
1− (ωp
ω
)2 . (1)
By assuming that ωp of is approximately 5 eV for π-
plasmon in an undoped CNT,11,12 E⊥(ω) is strongly sup-
pressed and there is almost no absorption of near-infrared
light.
(a) (b)
FIG. 1: (color online) (a) The optical selection rule allows
interband transitions in an undoped CNT. Parallel (perpen-
dicularly) polarized light E‖ (E⊥) induces direct (indirect)
interband transitions. However, the indirect interband tran-
sition is suppressed by the screening effect. (b) Collective ex-
citations that are composed of intraband electron-hole pairs
in a heavily doped CNT cause absorption of E⊥.
The heavy doping into a CNT changes the situation:
doping can activate intraband transitions between two
energy sub-bands (with different orbital angular momen-
tums around the tubule axis) by a weak perturbation at
low energy (see Fig. 1(b)). We find that the azimuthal
motion of the electrons due to these intraband transitions
causes a plasma mode to appear in a heavily doped CNT.
This plasma mode originates from the surface plasmons
in graphene studied in Ref. 5–8. The angular frequency
2of the surface plasmons in graphene is given by
ωspk =
√
σ|k|
2ǫτ
− i
2τ
, (2)
where ǫ is the permittivity of the surrounding material,
τ is the relaxation time, σ is the static conductivity,
and k is a two-dimensional wavevector.5–8 Considering
a CNT instead of graphene, we see that there are two
distinct plasmon modes, depending on the orientations
of the wavevector k; one mode with k in the azimuthal
direction of a cylinder is called azimuthal plasmon mode,
and the other with k parallel to the axial direction is
an axial plasmon mode (see the top panels of Fig. 2). In
the cylindrical coordinates (r, θ, z), they have the form of
the plane waves ei(nθ−ωt) and ei(kz−ωt), respectively. The
azimuthal mode shown in Fig. 2(a) has only three com-
ponents of the electromagnetic (EM) fields (Er, Eθ, Bz).
The unique nonzero magnetic field Bz is perpendicular to
the azimuthal direction. Similarly, the axial mode shown
in Fig. 2(b) has a unique nonzero magnetic field Bθ that
is perpendicular to the axial direction. These two modes
are transverse magnetic (TM) modes.
The theoretical results presented in this paper were
obtained analytically by solving Maxwell equations with
Ohm’s law, i.e. jθ = σθ(ω)Eθ for the azimuthal mode,
and jz = σz(ω)Ez for the axial mode.
13 Let us mention
here that the Drude model is used to specify the dynam-
ical conductivity σθ,z(ω) as σθ,z(ω) = σθ,z/(1 − iωτθ,z),
where the frequency dependence is controlled by the elec-
tronic relaxation times τθ,z, and σθ,z(ω) reduces to the
static conductivities σθ,z in the zero-frequency limit. The
application of Drude model to a heavily doped CNT is
partly justified by the polarization function.28
We now describe properties of azimuthal plasmons
shown in Fig. 2(a). The calculated angular frequencies
are
ωTMn =
√
σθ|n|
2ǫτθr0
− i
2τθ
, (3)
where n/r0 is the wavenumber (n is a nonzero integer and
r0 is the radius of the CNT). Here, for the sake of clarity,
the same materials with the permittivity ǫ are assumed
to occupy the inner and outer spaces of the CNT. When
different materials occupy the inner and outer spaces of
the CNT, Eq. (3) can be generalized by replacing ǫ with
(ǫout + ǫin)/2, where ǫout (ǫin) is the permittivity of the
outer (inner) space. We note that Eq. (3) is identical to
Eq. (2), if n/r0 is replaced with |k|.
Despite the similarity between the dispersion relations
of a CNT and graphene, their EM fields exhibit differ-
ent asymptotic behavior. Namely, the amplitude of the
azimuthal TM mode in a CNT behaves as ∝ 1/√r (ex-
tended) and this mode is not a localized surface plas-
mon, while the surface plasmon of graphene is exponen-
tially localized in the direction normal to the layer.13
The configuration of the electric field near a CNT is il-
lustrated in Fig. 2(a,middle). We choose the fundamental
㻙
㻗
㻗
㻗
㻙
㻙
(a) (b)Azimuthal Plasmons Axial Plasmons
|n|=0
1
2
FIG. 2: (color online) Plasmon modes of a single-wall CNT.
(a,top) The azimuthal TM mode is characterized by the three
nonzero components of the EM fields (Er, Eθ, Bz), where the
electric (magnetic) field is denoted by a blue (red) arrow.
A solid (dashed) arrow signifies that the vector is continu-
ous (discontinuous) at the surface of a CNT.14 (a,middle) A
streamline plot of the electric field for the fundamental mode
(n = 1) is shown at the cross-section of a CNT. “+/−” repre-
sent positive/negative charges. The TM mode does not gener-
ate a nonzero total magnetic flux and the Aharonov-Bohm ef-
fect does not appear. (a,bottom) Some microscopic processes
(electron-hole pair creation) that constitute the current jθ are
illustrated for a metallic CNT. The region below the Fermi
energy is shown in gray and the energy bands with the same
band index n are denoted by the same color. (b) The nonzero
EM components (top), the vector of the magnetic field shown
in red and its linestream plot shown in orange (middle), and
the processes (bottom) of the axial TM mode.
mode with n = 1 for the plot, because it is the princi-
pal state excited by a perpendicular polarization light.29
Figure 2(a,middle) shows that an electric dipole forms in
the inner space of a CNT, which can screen an external
electric field with perpendicular polarization. Indeed, the
amplitude of the TM mode in the presence of an external
electric field, Eextθ,n(r0)e
i(nθ−ωt), is given by
ETMθ,n (r0) = −
Eextθ,n(r0)
1− (ω/ωTMn )2
. (4)
Thus, the induced and external fields have a phase dif-
ference of π at low frequencies (ω ≪ ωTMn ), and the total
electric field (that the electrons in a CNT actually ex-
3perience), defined by Eθ,n(r0) ≡ Eextθ,n(r0) + ETMθ,n (r0) =
Eextθ,n(r0)/
(
1− (ωTMn /ω)2
)
, is suppressed, as a result of
the screening. On the other hand, ETMθ,n (r0) is suppressed
at high frequencies (ω ≫ ωTMn ) and the CNTs can ab-
sorb the polarized light. When ω ≃ ωTMn , the plasmons
are resonantly excited and form a peak structure in the
absorption spectrum.
Plasmon excitation by near-infrared light requires
a heavily doped CNT in which more than two en-
ergy sub-bands cross the Fermi energy, as shown in
Fig. 2(a,bottom). Because a charge-density fluctuation
that causes the plasmon excitation requires (almost) for-
ward scatterings,15 that is, an intraband (vertical) tran-
sition between the electronic states with similar veloc-
ities, the Fermi energy should be located (at least) at
higher than the bottom of the first sub-band. Such heav-
ily doped CNTs are already available16,17 and absorption
spectra have been obtained for them.18,19 The authors
of Refs. 18 and 19 observed an unidentified absorption
peak at approximately 1 eV. We attribute it to the az-
imuthal TM mode, because Eq. (3) satisfactorily repro-
duces the peak position, h¯ωTMn=±1 = 1.027 eV, when we
use the values reported in Ref. 19 (τθ = 10 fs,
30 ǫ = 2ǫ0,
and 2r0 = 1.4 nm) with a realistic assumption σθ = 4G0,
where G0 is the conductance quantum. The factor 4 ac-
counts for two azimuthal channels in each valley.31 The
absorption spectrum is obtained by multiplying the total
field with the dynamical conductivity as
P (ω) = 2Re
{
σθ(ω)
1− (ωTMn=1/ω)2
}
|Eextθ,n=1(r0)|2. (5)
We plot P (ω) in Fig. 3. The calculated peak structure is
consistent with the observation.19
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FIG. 3: Calculated absorption spectra as a function of light
energy. The plot is given by Eq. (5), where ωTMn=1 is calculated
from Eq. (3) by setting 2r0 = 1.4 nm, ǫ = 2ǫ0, τθ = 10 fs, and
σθ = 4G0.
The azimuthal plasmon has an oscillating magnetic
field that is parallel to the tube’s axis, Bz, as shown
in the inset of Fig. 2(a,middle). Since Bz is a periodic
function of θ (Bz ∝ einθ), the total magnetic flux inside
the cylinder vanishes at any moment in time. As a re-
sult, the Aharonov-Bohm effect does not appear,20,21 and
there is no notable change in the electric band structure
of a CNT due to the azimuthal plasmons.
Next, we examine the axial plasmon shown in Fig. 2(b).
The axial TM mode oscillates with an angular frequency,
ωTMk = |k|
√
σzr0
ǫτz
ln
(
2e−γ
|k|r0
)
− i
2τz
. (6)
The dispersion is basically linear in |k| (apart from the
small |k| dependence of the logarithm) and the waves are
localized, which contrasts with the properties of the az-
imuthal TM mode. The existence of this massless prop-
agating mode can be understood by regarding a metallic
CNT as the small waveguide.22–25 The group velocity can
exceed the electron Fermi velocity for a metallic CNT
with 2r0 = 1.4 nm, τz = 0.1 ps, and σz = 4G0, and
the frequencies appear in the terahertz (THz) region. In
Fig. 4, we show calculated THz absorption spectra that
take account of the screening effect in the axial direc-
tion. The peak structure is consistent with several ex-
periments.23,25 Some microscopic processes in a metallic
CNT that contribute to the axial current of the TM mode
are shown in Fig. 2(b,bottom).
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FIG. 4: Calculated THz absorption spectra for different τz
values as a function of angular frequency. The solid and
dashed curves are for τz = 0.1 and 1 ps, respectively.
26 Here,
ωTMk is calculated from Eq. (6) by setting σz = 4G0, 2r0 = 1.4
nm, and ǫ = ǫ0. We assume a single mode with k = π/L where
L = 1 µm is the typical length of a CNT.
The parallel external electric field Eext‖ (ω) is screened
by the axial TM mode. Note, however, that since the
frequency of the axial TM mode is in the THz region, the
screening is poor when ω is in the near-infrared region.
As a result, a metallic CNT exhibits the absorption peaks
of interband direct transitions such as M11.
Plasmons are generally sensitive to the environment.
For example, the plasmonic property of a CNT changes
when a metal is present near the CNT. Furthermore,
since the azimuthal (axial) TM mode is an extended (lo-
calized) EM field, the absorption by the azimuthal mode
is more sensitive to the environment than that by the
axial mode. This might be relevant to the fact that the
maximum absorbance of the unidentified peak (N-band)
observed in Ref. 19 for a doped case is smaller than that
of the prominent peaks of the direct transitions for an
undoped case. Contrastingly, the maximum attenuation
of the broad peak in the THz region observed in Ref. 25
4is similar to that of the prominent peaks of the direct
transitions that appear in the near-infrared region.
In summary, we have theoretically shown that a heavily
doped CNT absorbs a perpendicularly polarized light in
the near-infrared region, in contrast to an undoped CNT
where such an absorption is prohibited by the screening
effect caused by a high-frequency plasmon. The change in
the optical property is because a heavily doped CNT can
support a low-frequency plasmon (azimuthal TM mode).
On the other hand, when a parallel polarization light is
used to excite a metallic CNT, the plasmon resonance of
an axial TM mode propagating along the tube appears in
the absorption spectrum in the terahertz region. These
two plasmon modes correspond to the surface plasmon
of graphene rolled up into a cylinder. Particularly, the
azimuthal TM modes in ordinary CNTs with a diameter
of close to 1 nanometer have an advantage over graphene
in terms of wavelength down-conversion from visible light
to nanoscale plasmons.
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